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Summary. Let F be a commutative field of characteristic 0, <p n : F n x F n — > F, 

<p n ((xi, ~',Xn), (Vi, —,Vn)) = («i - 2/i) 2 + ••• + (? n - y n ) 2 ■ We say that g : R n -> F n 



Mappings from M n to F n which preserve unit Euclidean distance, 
O ! where F is a field of characteristic 

i— » 

VD 
(N 

o 

B 

preserves distance d > if for each x, y G R n |x — y| = d implies cp n (g(x), g(y)) = d 2 . 
Let / : W 1 — > F n preserve unit distance. We prove: (1) if n > 2, i,?/ 6 1" and 
x ^ y, then ip n (f(x),f{y)) ^ 0, (2) if A,B,C,D E R 2 , r E Q and C~£> = rJS, 
then f(C)f(D) = rf(A)f{B), (3) if A, B,C,D E M 2 and A§ and are linearly 
dependent, then f(A)f(B) and f(C)f(D) are linearly dependent, (4) if A,B,C,D G 
IR 2 and A~S is perpendicular to CD, then f(A)f(B) is perpendicular to f(C)f(D), 
(5) if A,B,C,£> G M 2 and = \CD\, then <p 2 (f (A) , f (B)) = <p 2 (f(C)J(D)). Let 
A n (F) denote the set of all positive numbers d such that any map g : R n —>■ F n that 
preserves unit distance preserves also distance d. Let D n (F) denote the set of all positive 
numbers d with the property: if x, y G M n and |x — y\ — d then there exists a finite set 
S xy with {x, y} C S^y C M n such that any map map g : S xy — > F n that preserves unit 
distance preserves also the distance between x and y. Obviously, {1} C D n (F) C A n (F). 
We prove: (6) A n {C) C {d > : d 2 E Q}, (7) {d > : d 2 G Q} C D 2 (¥). 
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Let F be a commutative field of characteristic 0, <p n : F n x F n — > F, ip n ((xi, ...,x n ), 
(yi, ...,y n )) = (xi — y\) 2 + ... + (x n — y n ) 2 ■ We say that / : W 1 — > ¥ n preserves distance 
d > if for each x, y G M. n \x — y\ = d implies (p n (f(x), f(y)) = d 2 . In this paper we 
study unit-distance preserving mappings from R™ to F n . 

By a complex isometry of C™ we understand any map h : C™ — > C n of the form 

h(zi 

where 

z'j = a 0j + a Xi zx + a 2j z 2 + ... + a nj z n (j = 1, 2, n), 

the coefficients are complex and the matrix ||ay|| = 1,2, ...,n) is orthogonal 
i.e. satisfies the condition 

■n 

^2 a M a ^ = s u = X ' 2 ' •••' n ) 

i=l 

with Kronecker's delta. According to [6j, ip n (x, y) is invariant under complex isometries 
i.e. for every complex isometry h : C n — > C" 

(o) Vi,?/eC n (p n (h(x),h(y)) = <p n (x,y). 

Conversely, if h : C n — > C n satisfies (o) then h is a complex isometry; it follows from 
[4, proposition 1, page 21] by replacing E with C and d(x, y) with ip n (x, y). Similarly, if 
/ : W 1 — > C n preserves all distances, then there exists a complex isometry h : C n — > C n 
such that / = h\jgn. 

By a field endomorphism of C we understand any map g : C — » C satisfying: 

Vx, y £ C g(x + y) = g(x) + g(y), 
Var, 2/ G C gf(aj • y) = ^(ar) ■ gf(y), 
»(0) = 0, 
9(1) = 1- 

Bijective endomorphisms are called automorphisms, for more information on field en- 
domorphisms and automorphisms of C the reader is referred to [TO] . [TT] and [H]. If r is 
a rational number, then g(r) = r for any field endomorphism g : C — ► C. Proposition 1 
shows that only rational numbers r have this property: 

Proposition 1 f[T5j). If r e C and r is not a rational number, then there exists a field 
automorphism g : C — > C such that g(r) 7^ r. 
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Proof. Note first that if E is any subfield of C and if g is an automorphism of E, then g 
can be extended to an automorphism of C. This follows from [7, corollary 1, A.V.I 11] 
by taking Q = C and K — Q. Now let r G C \ Q. If r is algebraic over Q, let E be the 
splitting field in C of the minimal polynomial [i of r over Q and let r' G E be any other 
root of /i. Then there exists an automorphism g of E that sends r to r', see for example 
[9, corollary 2, page 66]. If r is transcendental over Q, let E = Q(r) and let r' E E be 
any other generator of E (e.g. r' = 1/V). Then there exists an automorphism g of E 
that sends r to r' . In each case, g can be extended to an automorphism of C. 

If g : C — > C is a field endomorphism then (<7|r, #|r) : R™ — > C n preserves all 
distances y^r with rational r > 0. Indeed, if {x\ — yi) 2 + ... + [x n — y n ) 2 = (\/r) 2 then 

Vn((g\R, ■■■,g\m)(x 1 , ...,x n ), (g\ R , ...,g\s){yi, ■■■,y n )) = 

<Pn((gM,...,g(x n )), (g(y l ),...,g(y n ))) = 

(g(xi) - g(yi)) 2 + ... + (g(x n ) - g(y n )) 2 = 

(g(xi - yi)) 2 + ••• + (g(x n - y n )) 2 = 

g((xi-yi) 2 ) + ...+g((x n -y n ) 2 ) = 

g(( Xl - yi ) 2 + ... + (x n -y n f) = g{(^) 2 )=g{r) = r = {^) 2 . 

Analogously, if g : E — > ¥ is a field homomorphism then (g, g) : W 1 — ► F n preserves 
all distances y/r with rational r > 0. 

Conjecture 1. Each unit-distance preserving mapping from R n to F n (n > 2) has a 
form / o (p, ...,g), where g : R — > F is a field homomorphism and 7 : F n — > F n is an 
affine mapping with orthogonal linear part. 

Theorem 1 (fT5j). If x,y G M n and |x — y\ 2 is not a rational number, then there exists 
/ : M n — > C n that does not preserve the distance between a; and y although / preserves 
all distances i/r with rational r > 0. 

Proof. There exists an isometry I : M. n — > M. n such that I(x) = (0,0, ...,0) and I(y) = 
(\x — 2/|,0, ...,0). By Proposition 1 there exists a field automorphism g : C — > C such 
that g(|x — y| 2 ) 7^ |x — y| 2 . Thus g(\x — y\) ^ \x — y\ andg(|x — y\) ^ —\x — y\. Therefore 
(<7|r, <7|r) : R n — > C n does not preserve the distance between (0,0, ...,0) G R n and 
(\x — y\,0, ...,0) G M n although (5"|r, ^r) preserves all distances sfr with rational 
r > 0. Hence / := (g\^_, ...^ir) o I : M. n — > C n does not preserve the distance between 
x and ?/ although / preserves all distances y/r with rational r > 0. 
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Let A n (¥) denote the set of all positive numbers d such that any map / : M. n — > ¥ n 
that preserves unit distance preserves also distance d. The classical Beckman-Quarles 
theorem states that each unit-distance preserving mapping from R n to M. n (n > 2) 
is an isometry, see and (Hj. It means that for each n > 2 A n (R) = (0, oo). 

By Theorem 1 A n (C) C {d > : d 2 G Q}. Let D n (F) denote the set of all positive 
numbers d with the following property: 

(*) if x, y G MJ 1 and \x—y\ = d then there exists a finite set S xy with {x, C S xy C M n 
such that any map / : — > F n that preserves unit distance preserves also the 
distance between x and y. 

Obviously, {1} C D n {¥) C A n (F). From [13] and [HI follows that for each n > 2 
D n (M) is equal to the set of positive algebraic numbers. The author proved in jTH] that 
for each n > 2 D n (C) is a dense subset of (0, oo). The proof remains valid for D n (¥). 

Theorem 2. If n > 2 and / : M. n — > ¥ n preserves unit distance, then / is injective. 

Proof. We know that D n (¥) is a dense subset of (0, oo). Therefore, for any x, y G M n , 
x ^ y there exists z6l" such that \z — x\ ^ \z — y\ and \z — x\, \z — y\ G D n {¥). All 
distances in D n {¥) are preserved by /. Suppose f(x) = f(y). This would imply that 
\z - x\ 2 = <p n (z, x) = <p n (f(z), f(x)) = <p n (f(z), f(y)) = <p n (z, y) = \z- y\ 2 , which is a 
contradiction. 

We shall prove that {d > : d 2 G Q} C D 2 (¥). We need the following technical 
Propositions 2-5. 

Proposition 2 (cf. 0, 0). The points c x = (z 1>u z 1>n ), c n+1 = {z n+1)1 , z n+hn ) G 
F n are affinely dependent if and only if their Cayley-Menger determinant A(ci, c n+ i) : = 







1 



1 



1 



det 



1 <^„(c 2 ,ci) 



1 











¥>n(ci,C„ + i) 
Vn(C2> c n+l) 



1 Vn(c n +l,Ci) <y9 n (c„ + i, C 2 ) 







equals 0. 
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Proof. It follows from the equality 



/ 



det 



V 



21,1 
22,1 



Zl,2 
z 2,2 



z l,n 
z 2,n 



z n+l,l z n+l,2 ■■■ z n+l,n 1 



ra+1 



A(ci, c n+ \) 



J 



Proposition 3 (cf. (Hj, [SI)- For any points Ci , . . . , c n+k £ F n (k = 2,3,4,...) their 
Cayley-Menger determinant equals i.e. A(ci, ...,c n+ k) = 0. 

Proof. Assume that ci = {z\,u — , z i,n), —, c n +k = ( z n+k,i, z n+k,n)- The points c x = 

( z l,l,—,Zl tn , 0, ...,0), C 2 = (^2,1, ^2,^, 0, 0),..., 0,...,0) £ 

jpn+fe-i are affinely dependent. Since <p n (ci,Cj) = ip n+ k-i(ci,Cj) (l<i<j<n + k) 
the Cayley-Menger determinant of points c%,...,c n+ k is equal to the Cayley-Menger 
determinant of points cj., c n+ fc which equals according to Proposition 2. 

Proposition 4a. If d £ F, <i ^ 0, ci, ...,c n+ i £ F n and cp n (ci,Cj) = d 2 (1 < i < j < 
n + 1), then the points Ci,...,c n+ i are affinely independent. 

Proof. It follows from Proposition 2 because the Cayley-Menger determinant A(c\, c n+ i) 



det 



1 1 

1 d 2 
1 d 2 

1 d 2 d 2 

1 d 2 d 2 



1 1 

rf 2 d 2 

d 2 d 2 

rf 2 

d 2 



-l) n+1 (n + l)cTV0 



Proposition 4b. If a, b £ F, a + 6 7^ 0, z, x, x £ F 2 and (/^(-z, x) = a 2 , <^2(x, x) = 6 2 , 
(^2(2, x) = (a + b) 2 , then 25 = — ^ ^ zx. 

Proof. Since (p2(z,x) = (a + 6) 2 7^ we conclude that z ^ x. The Cayley-Menger 
determinant A(z,x,x) = 



det 



111 

1 a 2 (a + 6) 2 
1 a 2 6 2 

1 (a + 6) 2 6 2 
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so by Proposition 2 the points z,x, x are affinely dependent. Therefore, there exists 
c G F such that zi = c ■ zx. Hence a 2 = ip2(z,x) = c 2 ■ ip2(z,x) = c 2 ■ (a + b) 2 
Thus c = —Qhc or c = —r^r-L ■ If c 
2a 



then xa; 



zx + 



-zx 



a+b a+b a+b a+b 

f^il. Hence b 2 = ^x) = (f^)% 2 (^) = (^±^ '.(a + b) 2 = (2a + b) 2 . 
Therefore = (2a + b) 2 — b 2 = 4a(a + 6). Since a + b ^ we conclude that a = 0, so 



-q-g and the proof is completed. 



a + b ' a + 

Proposition 5 (cf. [6, Lemma, page 127] for R n ). If x, y, c , Ci, c 2 G F 2 , </? 2 (a;, c ) = 
V2(y,Co), ^2(2;, ci) = </? 2 (y, ci), v? 2 (z, c 2 ) = (fi2(y,c 2 ) and c , ci, c 2 are affinely indepen- 
dent, then x = y. 

Proof. Computing we obtain that the vector xtj is perpendicular to each of the linearly 
independent vectors Cqc{, CoC 2 . Thus the vector xtj is perpendicular to every linear 
combination of vectors cqc\ and coc 2 . In particular, the vector xy" is perpendicular to 
each of the vectors [1, 0], [0, 1]. Therefore xy~ = and the proof is completed. 

Lemma 1. If d € £> 2 (F) then v^3 ■ d G £> 2 (F). 

Proof. Let d G D 2 (F), i,i/6l 2 and |x — y\ = \/3 ■ d. Using the notation of Figure 1 
we show that 



S X y '■— Syy U S Xpi U Syp i U S p^ U S Xpi U S y pi U S, 



P1P2 



1=1 



1=1 



1=1 



satisfies condition (*) 




1/ 

Figure 1 

|x - y\ = |x - y| = V3 • d, \y - y\ = |pi - p 2 | = |pi - p 2 | = d 
k -Pil = \y~Pi\ = \x-Pi\ = \y-pi\= d (i = 1,2) 
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Assume that / : S xy — > F 2 preserves unit distance. Since 



S X y ^ Syy U S Xpi U Sy pi U S } 



PlP2 



i=l 



i=l 



we conclude that / preserves the distances between y and y, x and pi (i — 1,2), y and 
Pi {i = 1,2), pi and p 2 - Hence <p 2 (f(y), f(y)) = ^(/(z), /(Pi)) = <p 2 (J Xv) J \Pi)) = 
¥>2(/(pi), /(P2)) = d 2 (i = 1,2). By Proposition 3 the Cayley-Menger determinant 
A(f(x),f( Pl ),f(p 2 ),f(y)) equals i.e. 



det 



Therefore 



1 



1 



1 



1 

1 o MfWJfa)) MfWJfa)) Mf(*)J(v)) 

1 Mf(P2)J{x)) M.f(P2),.f(pi)) 

i Mf(v),m) M.f(y)J(pi)) Mf(y)J(P2)) 



MfWJfa)) Mf(pi)J(y)) 

o Mf(j>2),m) 

o 



det 






1 


1 


1 


1 


1 





d 2 


d 2 


t 


1 


d 2 





d 2 


d 2 


1 


d 2 


d 2 





d 2 


1 


t 


d 2 


d 2 






= 



where t = <p 2 (f(x), f(y))- Computing this determinant we obtain 

2d 2 t ■ (3d 2 -t)=0. 

Therefore 

t = <p 2 (f(x), f(y)) = <p 2 (f(y), f{x)) = 3d 2 = \x - y\ 



or 



t = <p 2 (f(x),f(y)) = <p 2 (f(y),f(x)) = 0. 
Analogously we may prove that 

<P2(f(x), f(y)) = <p 2 (f(y), f(x)) = 3d 2 =\x-y\ 2 



= 0. 



or 



Mf(x)Jm = Mf(y)J(x)) = o. 
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If t = then the points f(x) and f(y) satisfy: 

<P2(f(x)J(x)) = = <p 2 (f(y)J(x)), 
V2 (f(x),f( Pl )) = d 2 = V2 (f(y),f( Pl )), 

Mf(x)j(p 2 )) = d 2 = Mf(y)J(P2)). 

By Proposition 4a the points f(x), /(pi), /(P2) are affinely independent. Therefore by 
Proposition 5 /(x) = f(y) and consequently 

d 2 = Mf(y), f(y)) = <P2(f(x), M) e {3d 2 , o}. 

Since d 2 ^ 3d 2 and d 2 7^ we conclude that the case t — cannot occur. This 
completes the proof of Lemma 1. 

Lemma 2. If d G £> 2 (F) then 2 • d G £> 2 (F). 

Proof. Let d G Z^OF), x, y G M 2 and \x — y\ — 2 • d. Using the notation of Figure 2 we 
show that 

S'xj/ := Ul'S'ab ■ a,be {x,y,p!,p2,P3}, \a - b\ = d V \a - b\ = V3 ■ d} 
(where S xp3 and S yP2 are known to exist by Lemma 1) satisfies condition (*). 



P2 P3 




x Pi y 

Figure 2 
\x — y\ = 2 • d 

\Pi -P2I = bi -P3I = IP2 -P3I = \x~Pi\ = \x-p 2 \ = \y~Pi\ = \y-ps\ = d 

\x -p 3 \ = \y ~P2\ = V3-d 

Assume that / : S xy — > F 2 preserves unit distance. Then / preserves all distances 
between pi and pj (1 < i < j < 3), x and pi (1 < i < 3), y and p« (1 < i < 3). 
By Proposition 3 the Cayley-Menger determinant A(f(x), f( P i), f( P 2), f{Pz), f(y)) 
equals i.e. 
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det 



1 1 1 1 1 

1 o MfWJfa)) MfWJfa)) MfWJfa)) MfWJiv)) 
l Mf(pi)J(x)) o Mf(pi)J(P2)) M.f(pi)J(P3)) Mf(pi)J(y)) 
i Mf(P2)J(x)) M.f(p2),.f(Pi)) o Mf(p*)J(pa)) Mf(p*)J{v)) 
i Mf(ps),f(x)) Mf(ps),f(pi)) Mffa),ffa)) o Mf(ps)J(y)) 
l Mf(v)J(*)) Mf(v)J(pi)) Mf(y)J(P2)) Mm,ffa)) ° 



Therefore 



det 




1 
1 
1 
1 
1 



1 


d 2 
d 2 
3d 2 
t 



1 

d 2 

d 2 
rf 2 
d 2 



1 

rf 2 
d 2 


d 2 

3d 2 



1 

3d 2 
rf 2 
d 2 

rf 2 



1 

d 2 
3d 2 
d 2 




where t = (p 2 (f(x), f(y)). Computing this determinant we obtain 

3d 4 ■ (t - Ad 2 ) 2 = 0. 

Therefore 

t = <p 2 (f(x), f(y)) = Mf(v), /(*)) = 4rf 2 = \x- y\ 2 . 



Lemma 3. If a, b e D 2 (¥) and a > b, then Va 2 - b 2 e D 2 (¥). 



0. 



Proof. Let a, 6 e ^(F), a > b, x,y <E 
of Figure 3 we show that 



and |x 



2/ 1 = v 7 ^ 2 



6 2 . Using the notation 



9 — 9 I I 9 I I 9 I I 9 119 



(where S P1P2 is known to exist by Lemma 2) satisfies condition (*). 

y 



a/ 




/ b 


b \ 



y\ = Vc 



b 2 



\x 



Pl\ 



\x 



P2\ 



b, \y-pi\ = \y-P2\ = a, \pi 



P2\ 



2b 
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Assume that / : S xy — > F 2 preserves unit distance. Then / preserves the distances 
between x and Pi (i = 1,2), y and Pi (i = 1,2), p x and p 2 . By Proposition 3 the 
Cayley-Menger determinant A(f(x), f(pi), f(p2), f(y)) equals i.e. 



det 



Therefore 



1 



^(/(s),/(pi)) 

Mfiv)J(x)) Mf(y),.f(pi)) 



i l 

^ 2 (/(x),/( P2 )) MfWJiv)) 

v 2 (/(pi),/(p2)) Mf(pi)Jiv)) 

o Mf(P2),f(y)) 



Mf(y)J(P2)) 



o 



det 




1 
1 
1 
1 



1 


6 2 
5 2 
t 



1 

6 2 


46 2 
a 2 



1 

6 2 
46 2 


a 2 



1 

a 2 
a 2 




where t = <p 2 (f(x), f(y))- Computing this determinant we obtain 



2\2 



-8b 2 • {t + 6 2 - a 2 ) 



0. 



Therefore 



t = a 2 — b 2 = \x — y\ 



Lemma 4. For each n G {1, 2, 3, ...} ^fn G D 2 (¥). 

Proof, line {2,3,4,...} and y/n G D 2 (¥), then Vn^T = y/(y/n) 2 ~ 12 e D 2 (¥); it 
follows from Lemma 3 and 1 G D 2 (¥). On the other hand, by Lemma 2 all numbers 
= 2 k (k = 0, 1,2, ..) belong to D 2 (¥). These two facts imply that all distances 
y/n {n = 1, 2, 3, ...) belong to D 2 (¥). 

From Lemma 4 we obtain: 

Lemma 5. For each n G {1, 2, 3, ...} n = \frfi G D 2 (¥). 

Lemma 6. If d G D 2 (¥) then all distances | (k = 2, 3, 4, ...) belong to D 2 (F). 

Proof. Let d G ^(F), fc G {2,3,4, ...}, ijei 2 and \x-y\ = ^. We choose an integer 
e > d. Using the notation of Figure 4 we show that 



<7 ■ — c ?~~ l l <? I l <7 ~ l l <7 ~ l l <7 I I <7 ~ I I <7 ~ 

• ^xy ^ ^za? ^ u xx ^ ^ 2/2/ -2?/ 
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(where sets S zx , S xx , S zx , S zy , S yy , S zy corresponding to integer distances are known 
to exist by Lemma 5) satisfies condition (*). 

y (k- 1)e 




Assume that / : S xy 
conclude that: 



\ x -y\ = -R 

-> F 2 preserves unit distance. Since S xy D S zx U S xx U S zx we 

<P2(f(z), f(x)) = <p 2 (z, x) = e 2 , 
<P2(f(x), fix)) = <p 2 (x, x) = ((k - l)e) 2 , 
ip 2 (f(z)J(x)) =<p 2 (z,x) = {kef. 



By Proposition 4b: 



Analogously: 



By (1) and (2): 



/(*)/(*) = ^mm 



mm = ^mm 



mm = ^mm 



Since S xy 5 S xy we conclude that 



(!)■ 



(2). 



(3). 



(4). 



By (3) and (4): ip 2 (f(x),f(y)) = y-^J and the proof is completed. 

Theorem 3. If x, y G M 2 and \x — y\ 2 is a rational number, then there exists a 
finite set S xy with {x, y} C S xy C M. 2 such that any map / : S xy — > F 2 that pre- 
serves unit distance preserves also the distance between x and y; in other words 
{d > : d 2 G Q} C D 2 (F). 

Proof. We need to prove that G D 2 {¥) for all positive integers p,q. Since = 
the assertion follows from Lemmas 4 and 6. 



<P2(f(x), f(y)) = <p 2 (x, y) = d 2 
'<T 2 
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Conjecture 2. For each n > 2 {d > : d 2 G Q} C D n (¥). 

As a corollary of Theorem 3 and .02(C) C A 2 (C) C {d > : d 2 G Q}, we get: 

Corollary 1. D 2 (C) = A 2 (C) = {d > : d 2 G Q}. 

The next theorems show which geometric properties are preserved by unit-distance 
preserving mappings. 

Theorem 4. If n > 2, / : IR n — > F n preserves unit distance, e R" and x ^ y, 
then ip n (f(x), f(y)) 7^ 0; in other words / preserves the relation that two points are at 
non-zero distance. 

Proof. By Theorem 2 /(rr) 7^ /(?/)■ We know that D n (F) is a dense subset of (0, 00). 
In particular, D n (F) is unbounded from above. Therefore, there exist d G D n (F) 
and Pi, ■~,p n -i,Pn ^ ^ n such that |y — pj| = d (1 < i < n — 1) and the points 
x,pi, ...,p n -i,p n are at distance d from each other. Since / preserves distance d, we 
conclude that <f n (f(y),fipi)) — d 2 (1 < i < n — 1) and / preserves all distances 



between x,p ± , ...,p n -i,p n . Thus f{x)f(pi) ■ f(x)f(p j ) 



1 < i < j < n) and 



the points f(x),f(pi),..., f(p n -i), f(Pn) are affinely independent by Proposition 4a. In 



particular, the vectors f(x)f(pi) (1 < i < n — 1) are linearly independent. Assume, on 
the contrary, that ip n (f(x), f(y)) = (p n (f(y), f(x)) = 0. It implies that 

f(x)f(y] is perpendicular to each of the vectors f(x)f(pi) (1 < i < n — 1) (5) 

and the Cayley-Menger determinant A(f(x), f(pi), f(p n -i), f(y)) — 



det 



1 1 

1 d 2 

1 d 2 

1 d 2 d 2 

1 d 2 



1 

d 2 

d 2 



1 



d 2 



d 2 
d 2 



= 0, 



so by Proposition 2 the points f(x), f(pi), f(p n -i), f(y) G F n are affinely dependent. 
Let 



f(x)f(y) = a 1 f(x)f(p 1 ) + ... + a n - 1 f(x)f(p n - 1 ) 



(6) 



where ai, a n _i G F and 
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f(x)f(y) = (t 1 ,...,t n )e¥ n , 



/(aO/(pi) = (pi,i,...,Pi,n)eF n , 



f(x)f(Pn-l) = (Pn-l,l,-,Pn-l,n) € F n . 



By (5): 



= f(x)f(Pl) ■ f(x)f(y) = Pi,! •<! + ...+ pi, n • t r , 



By (6): 



= f(x)f(p n - 1 ) ■ f(x)f(y) = p n -\,\ ■ h + ... + p n -l,n ' t n . 

h = 0L\ ■ Pl,l + ... + «„-l • Pn-1,1, 
t n = Oil ■ Pl,n + ... + CXn-1 ■ Pn-l,n- 

Computing we obtain: 

(f(x)f(pi) ■ f(x)f(p 1 ))a 1 + ... + (f(x)f( Pl ) • /Or)/(p n -i)K_i = 0, 



(f(x)f(Pn-i) ■ f(x)f( Pl ))a 1 + ... + (f(x)f(p n -i) ■ /(x)/(p n _i))a n _i = 0. 
Therefore: 

a • ai + y "2 + ••• + y a n -i = 0, 



d 2 d 2 j2 



2 2 

Hence «i = ... = a n _i = and f(x)f(y) = 0, which is a contradiction. The proof is 
completed. 

At this point we consider only mappings from R 2 to F 2 . We omit an easy proof of 
Proposition 6. 
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Proposition 6. If E, F,C,De F 2 , <p 2 (E, F) ^ 0, C ^ D and <p 2 (E, C) = <p 2 (F, C) = 
ip 2 (E,D) = ^ 2 {F,D), then E(5 = Dp and ES = FTP (see the points E, F, C and D 
in Figure 5). 

Theorem 5. If t G Q, < t < 1, A, B e R 2 , A ^ B, C = tA + (1 - t)B and 
/ : R 2 -> F 2 preserves unit distance, then f(C) = tf(A) + (1 - t)f(B). 

Proof. We choose r e Q such that r > \AB\ and r < ,[^|, if t ^ \. There exists 
D E R 2 such that \AD\ = (1 - t)r and = tr. Let E = tA + (1 - i)D and 

F = (1 - t)5 + tD, see Figure 5. 




AC B 



Figure 5 

The segments AE, ED, AD, BF, FD, BD, EC and FC have rational lengths and 
\EC\ = \FC\ = \ED\ = \FD\ = t(l — t)r. By Theorem 3 / preserves rational distances. 
Therefore: 

cp 2 (f(A), /(£)) = <f2(A, E) = \AE\ 2 = ((1 - t) 2 r) 2 , 
<p 2 (f(E), f(D)) = ME, D) = \ED\ 2 = (f(l - t)r) 2 , 
V2 (f(A), /(£>)) = V2 (A, D) = \AD\ 2 = ((1 - t)r) 2 . 

Since (1 - t) 2 r + t(l - t)r = (1 - t)r, by Proposition 4b f(E) = tf(A) + (1 - t)f(D). 

Analogously f(F) = (1 - t)f(B) + tf(D). Since C ^ D, by Theorem 2 f(C) ^ f(D). 

Since E ^ F, by Theorem 4 ip 2 (f(E), f(F)) ^ 0. By Theorem 3 / preserves rational 

distances. Therefore: 

<p 2 (f(E), /(C)) = V2 (E, C) = \EC\ 2 = (t(l - t)r) 2 , 
Mf(F), /(C)) = MF, C) = \FC\ 2 = (f (1 - t)r) 2 , 
/(D)) = <p 2 (E, D) = \ED\ 2 = (t(l - t)r) 2 , 
y? 2 (/(F), /(D)) = y? 2 (F, £>) = \FD\ 2 = (t(l - t)r) 2 . 

By Proposition 6 /(F)F(C) = f(D)f(F), so /(A)/(C) = /(A)/(F) + /(F)/(C) = 
+ f{D)f{F) = (1 - t)f(A)f(D) + (1 - t)f(D)f(B) = (1 - t)f(A)f(B) and 
the proof is completed. 
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It is easy to show that the present form of Theorem 5 implies a more general form 
without the assumptions < t < 1 and A ^ B. 

Lemma 7. If A,B,C,D G M 2 , A§ = c3, \AC\ = \BD\ G Q and / : M 2 -> F 2 
preserves unit distance, then f(A)f(B) = f(C)f(D). 

Proof. There exist m G {0,1,2,...} and A Q ,C ,A 1 ,C 1 ,...,A m ,C m G R 2 such that 
A = A, C = C, A rn = B, C m = D and for each i G {0, 1, ...,m — 1} AiCiC i+1 A i+ i is 
a rhombus with a rational side, see Figure 6 where m — 3. 

A 3 = B C 3 = D 




A = A C = C 

Figure 6 

By Theorem 3 for each i G {0, 1, ...,m — 1} / preserves the lenghts of the sides of the 
rhombus AiCiC i+ iA i+1 . For each i G {0, 1, m — 1} we have: ^(/(^i), /(Ci+i)) 7^ 
(by Theorem 4) and /(Cj) 7^ f(A i+ i) (by Theorem 2). Therefore, by Proposition 6 
for each i G {0,l,...,m - 1} f(A t )f(A t+1 ) = f(Q)f(C l+1 ). Hence f(A)f(B) = 
f(A )f(A m ) = f(A )f(A 1 ) + f(A 1 )f(A 2 ) + ... + 7(A^O/(a3 = /(Co)/(dj + 
f{Ci)f{C 2 ) + - + f{C m -i)f{C m ) = f(C)f(D). 

Theorem 6. If A, B,C,D G M 2 , = (7/3 and / : M 2 -»• F 2 preserves unit distance, 
then f(A)f(B) = f(C)f(D). 

Proof. There exist E, F G M 2 such that A~S = E~P = U3, \AE\ = \BF\ G Q and 
\EC\ = \FD\ G Q, see Figure 7. 



F 




Figure 7 
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By Lemma 7 f(A)f(B) = f(E)f(F) and f(E)f(F) = f(C)f(D), so f(A)f(B) = 
f(C)f(D). 

As a corollary of Theorems 5 and 6 we get: 

Theorem 7. If A, B, C, D e R 2 , r G Q, CD = rAB and / : R 2 -»• F 2 preserves unit 
distance, then f{C)f(D) = rf(A)f(B). 

Lemma 8. If P,Q,X,Y e R 2 , PC} is perpendicular to X? , \XY\ e Q and / : R 2 -> F 2 
preserves unit distance, then f(P)f(Q) is perpendicular to f(X)f(Y). 

Proof. There exist A, B, C, D,E,F e M 2 and r,s6Q such that = rH^, X? = 
sAB and the points A, B, C, D, E, F form the configuration from Figure 8; it is a part 
of Kempe's linkage for drawing straight lines, see [12]. 

D 



/ E \ \ 

A F B 

Figure 8 

B^D, B^E 

|AB| = |AD|=4, \CB\ = \CD\ = \CE\ = 2, \AF\ = 3, \FB\ = \FE\ = l 

By Theorem 7 f(P)f(Q) = rf(D)f(E) and f(X)f(Y) = sf(A)f(B), so it suffices to 
prove that f(D)f(E) ■ f(A)f(B) = 0. Let a = ^(f(B)J(D)), b = <p 2 (f (A) , f (C)) , 
c = Mf(B), f(E)), d = Mf(Q, /(F)), e = f(E)). 

Computing the value of c we obtain: 

c = (pz{f(B), f(E)) = (f(B)f(E)) 2 = (f(A)f(E) - f(A)f(B)) 2 = 
e - 2f(A)f(E) ■ f(A)f(B) + 16, so 

f(A)f(E)-f(A)f(B)=8 + i(e-c) (7). 
Computing the value of a we obtain: 

a = V2(f(B), /(£>)) = (f(B)f(D)) 2 = (f(A)f(D) - f(A)f(B)) 2 = 
16 - 2f(A)f(D) ■ f(A)f(B) + 16, so 

f{A)f{D) ■ f(A)f(B) = 16 - \a (8). 
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The next calculations are based on Proposition 3 and the observation that distances 
1, 2, 3 and 4 are preserved by /. 



= A(f(A),f(B),f(E),f(F)) = 



= A(f(A)J(B)J(C)J(F)) 
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-2(e- 16 + 3c) 2 , so 



(9). 



-2(o-4d) 2 , so o = 4d. 



Thus = A(f(A), f(B), f(C), f(D)) = det 
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= -8a(ad + 4(d 2 - lOd + 9)). By Theorem 4 a ^ 0, so 



— A(f(B), /(C), f(E), f(F)) = det 



Theorem 4 c ^ 0, so c = _ ^ 2 -y+9 _ Therefore 

a = 4c 
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(10). 
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By (7)-(10): 

f(D)f(E) ■ f(A)f(B) = (f(A)f(E) - f(A)f(D)) ■ f(A)f(B) = 

f(A)f(E) ■ f(A)f(B) - JW0) ■ f(A)f(B) = 8 + ±(e - c) - (16 - \a) = 

\a - \c + \e - 8 = \a - \c + §(16 - 3c) - 8 = \a - 2c = 0. 

The proof is completed. 

Theorem 8. If A, B, C, D G M 2 , A~S and (Jt) are linearly dependent and / : M 2 -> F 2 
preserves unit distance, then f(A)f(B) and f(C)f(D) are linearly dependent. 

Proof. We choose X,Y e M 2 such that \XY\ = 1 and both vectors A§ and U3 
are perpendicular to xf. Then <p 2 (f(X),f(Y)) = 1, so obviously /(X) ^ f(Y). By 
Lemma 8 both vectors f(A)f(B) and f(C)f(D) are perpendicular to f(X)f(Y). These 
two facts imply that f(A)f(B) and f(C)f(D) are linearly dependent. 

As a corollary of Theorem 8 we get: 

Corollary 2. Unit-distance preserving mappings from M? to F 2 preserve collinearity 
of points. 

Theorem 9. If P,Q,X,Y G R 2 , P$ is perpendicular to xf and / : M 2 -> F 2 
preserves unit distance, then f(P)f(Q) is perpendicular to f(X)f(Y). 

Proof. We may assume that I^F. Set Z = X + By Lemma 8 f(P)f(Q) and 

/(X)/(Z) are perpendicular. The points X, F and Z are collinear, so by Corollary 2 
/(X), /(F) and f(Z) are collinear. Since \XZ\ = 1, we conclude that ^(/(X), /(Z)) = 1, 
so /(X) ^ /(Z). Thus there exists a G F such that f(X)f(Y) = af(X)f(Z). 
Hence /(P)/(Q) • f(X)f(Y) = f(P)f(Q) ■ af(X)f(Z) = a (f(P)f(Q) ■ f(X)f(Z)) = 
a ■ = 0. 

Lemma 9. If A,X,Y G M 2 , \AX\ = \AY\ and / : M 2 -> F 2 preserves unit distance, 
then ^ 2 (/(A),/(X))=^(/(A),/(F)). 

Proo/. Let Z = |X + ±Y. By Theorem 5 f(Z) = \f(X) + \ f(Y). By Theorem 9 
f(A)f(Z) is perpendicular to f(Z)f(X) and f(A)f(Z) is perpendicular to 
Hence ^(/(A), /(X)) = ^(/(A), /(Z)) + ^(/(X), /(F)) = ip 2 (f(A), f{Y)). 

Theorem 10. If A,B,C,D G M 2 , \AB\ = \CD\ and / : K 2 -> F 2 preserves unit 
distance, then <p 2 {f(A),f(B)) = p 2 (/(C), /(£>)). 



18 



Proof. We may assume that \AB\ = \CD\ > 0. There exist m G {0, 1, 2, ...} and points 
T ,7i,...,T m G M 2 such that \AB\ = \BT Q \ = \T Ti\ = ... = |T m _iT m | = \T m C\ = 
\CD\. ByLemma9^ 2 (/(A),/( J B)) = ^2(/( J B),/(To)) = ^(/(To),/(T 1 ))= ... = 
Mf(T m -i), f(T m )) = Mf(Tm), /(C)) = Mf(C), /(£>)). 

We have already proved the main results that are needed for proving Conjecture 1 
for n = 2. Such a proof will appear in the next publication. 

Acknowledgement. The author wishes to thank Professor Mowaffaq Hajja for 
improvement of the proof of Proposition 1. 
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